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Introduction
Attention on cooperative control of robotic systems has grown enormously in the control community because of its increasing use in intelligence, surveillance, mine countermeasures, antisubmarine warfare, oceanography, payload Let G (V, E) denotes a dynamic graph undirected graph represents a group of AUVs (consisting three AUVs) in a flock (see Fig. 1 ). Each AUV is represented as a node V of this graph G and an edge E ij exists between the i th node and j th G (V, E) E12 AUV 1 AUV 2 AUV3 E23 NO EDGE EXIST node at any time instant if a network connection exists between the two AUVs present at those nodes. One of the AUVs in the group knows the desired path is termed as leader and other AUVs are termed as followers. The follower AUVs do not know which AUV of them is the leader and they do not know the desired path also. Let each AUV in the graph has a common dynamics of motion [1] . The objective is to develop a decentralized flocking control algorithm for the above group of AUVs where each AUV is controlled separately through a controller such that each of these AUVs remain in the flock and move in a predefined path with common forward velocity. In flocking problem for a group of AUVs, one important task is to achive convergence of the heading angle of each AUV in the group so that they will follow the same path keeping forward velocity constant.
System Description
The motion of the body-fixed frame of reference is described relative to an inertial or earth-fixed reference frame (Fig.  2 ).
Fig. 2. Degrees of freedom of AUV
The notations different variables used are defined as follows:
x, u are inertial x coordinate position and body fixed surge velocity; y, v are inertial y coordinate position and body fixed sway velocity; z,  are inertial z coordinate position and body fixed heave velocity; p, θ are angular orientation (pitch) and rate of change of orientation along x axis; q, φ are angular orientation (roll) and rate of change of orientation along y axis; r, ψ are angular orientation (yaw) and rate of change of orientation along z axis.
The position and orientation are described in earth fixed reference frame and velocities (both linear angular) are described in body fixed reference frame. The equations of motion of an AUV in x-y plane can be written as (neglecting pitch and roll): [ , , , , , ] 0 0 0 0 1 0
where Y is the otput matrix, X prop is the thruster force,  is the rudder angle, m is the mass of the vehicle, I zz is moment of inertia along z axis and other parameters are known as hydrodynamic parameters are given in appendix. AUVs in flock are free to move without rigid position constraints so they can move sidewise (x-y plane) and in flock they always maintain a minimum distance among them. Therefore even if the flocking algorithm does not consider z-plane motion, the flock remains intact.
Control Law Development
The controller structure is presented in Fig. 3 ; it is divided in two levels. The group of AUVs which are in the flock can communicate locally so they can transmit their position and velocity ( ,, ii xy , ii uv ) to the local neighbors. Each AUV can determine the desired position and velocity to remain in the flock using this transmitted information from neighbors using consensus algorithm. Finally using the desired states a feedback control law for each AUV is developed through sliding control law. 
Sliding Surface Design
Dynamics of AUV in (1) can be written as
The sliding surface is chosen as leader AUV should know the desired track but the desired track Y df for followers is derived from consensus algorithm. γ is chosen as diagonal matrix whose elements are positive constants and it weights the velocity error term compared to position error. It has a direct effect on convergence of state dynamics into sliding surface.
Graph Theory and Laplacian
A network of group of agents can be modeled using algebraic graph theory. Graph can be used to represent interconnections between nodes. A vertex of the graph corresponds to a node, and the edges of the graph capture the dependence of interconnections.
Formally, a graph
consists of a set of vertices,
and set of edges E={(i, j)V V} containing unordered pairs of distinct vertices. The graph has no self-loop, i.e., (i, j) E implies i  j. A graph is connected if, for any vertices (i, j) V, there exists a path of edges in E from to i to j. The set of neighbors of vertex i is defined as
The degree of vertex is defined as i i dN  , and the maximum degree is max max( )
The adjacency matrix A is the integer matrix with rows and columns indexed by the vertices, e.g., i-j entry of A is equal to the number of edges from i to j. The Laplacian matrix L of a graph G is defined as L = D-A For a connected graph, the Laplacian matrix L is symmetric and positive semi definite. Its minimum eigenvalue is zero, and the corresponding eigenvector is [1, 1...1] T .
Sliding mode controller
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Consensus or agreement protocol can easily model a network of multiple agents without really going into the detail about information flow between the agents. The network is modeled as a undirected graph (weighted) or as a directed graph. Participating agents in the flock can be viewed as nodes where as their information flow with their neighbors are represented with directed or undirected edges having specific weights. Control strategy applied for flocking control uses the information states in consensus to design feedback structure for formation tracking, maneuvering etc. This algorithm adapts the first derivative of the agreement information state on each node based on the value of the agreement variable of its neighbors. In this work we use the consensus algorithm to derive the desired heading for followers and apply a sliding mode control strategy to generate control input (in this case rudder angle). This idea is helpful when communication bandwidth is very small and only local neighbor to neighbor communication is possible (Information constrained network).
Desired position and rate of its change for the followers are decided by single integrator consensus and double integrator consensus algorithms. Consensus algorithm abstracts the communication topology in to a simple information sharing protocol in a static or dynamic network. The convergence of information exchange occurs if there is a minimal spanning tree always present in the dynamic graph [17] . As the problem defined in this paper is to converge the position of each AUV in the group to the desired position which is given only to the leader. If the dynamics of AUV is neglected then the output of each AUV should change according to eq. (5), (6) to reach consensus among the group [14, 19] .
The equation described above are extensions of single and double integrator consensus algorithms which are thoroughly discussed in various literature [19] [20] [21] . These equations give a desired rate of change of output position for the follower AUVs and a sliding controller will be used to force the actual position of each AUV to their desired one. Let's Y id is the desired position for follower i and is chosen from eq. (5) and (6) , N is the neighbor set of i th AUV in a dynamic graph consisting of all participating AUVs.  i - j is the required difference in position between i th and j th AUV for avoiding collision and β ij is a gain which is arbitrary chosen as 1 here [19] , [20] . By the consensus algorithm given by eq. (5) difference between information state of i th and j th AUV will converge to zero [19] .
Theorem 1: The consensus eq. (5) will converge asymptotically if and only if a minimal spanning tree always exist in the information exchange topology [19] Proof: Eq. (5) can be written in the form of [19] ** id i jd j * * ,
We have taken the network graph of AUVs to be connected, for this case the solution to eq. (8) is
Time is denoted as 't' and The spectrum of Laplacian matrix 'L' of a undirected connected sub graph is [20]
The lowest eigen value 1  which is zero corresponds to a eigen vector 1, the vector of all ones. L is symmetric and L1= 0 for an arbitrary undirected G. Let the matrix L has mutually orthogonal and normalized eigen vectors Q = [Q 1 Q 2 … Q N ] corresponding to its ordered eigen values. Furthermore, set 1 2 Diag( , ,...... )
For a connected graph 1  is zero and
and 2  the smallest positive value of graph Laplacian dictates the slowest mode of convergence. As a positive value of 2  suffice the asymptotic convergence and connectivity it can be concluded that a minimum order structure needed for convergence of the equation is a graph containing a spanning tree. Similarly eq. (6) can be written as
L=Laplacian matrix of dynamic graph (flocking network) and ( )
Convergence of consensus algorithm requires [12] a spanning tree to be present in the information topology and the weighting factors (β) should be greater than some constant which is given by
Control Law Development
A sliding control law should be chosen such that the rate of change of state vector of the AUV system in the flock will always point to the sliding surface. So that once in the vicinity of the sliding surface it will always remain inside this surface. A Lyaponov stability criterion is used to generate a control law to stabilize the plant (AUV) in case of uncertainties. Let V is a Lyaponov candidate function defined as 
where μ is a positive quantity which should be chosen properly by trade of between magnitude of control forces generated and rate of convergence of state dynamics of each AUV into the sliding plane. A higher value would generate a higher magnitude of control action which is always undesired. Using eq. (4) the dynamics of leader AUV in the sliding plane is [14] )
For follower AUVs the sliding plane is derived from eq. (5) and (6)
To reduce chattering a boundary layer B with a continuous hyperbolic tangent function is used in place of hard limiting signum function 
From eq. (20), (21) and (23)
The sliding mode controller developed above can be made robust enough to deal with uncertainties present in the model.
Results and Discussion
Effectiveness of the proposed SMC flocking control of multiple AUVs is presented in this section. A flocking situation is simulated considering three similar REMUS AUVs. The parameters used are same as in Prestro et al [1] . The kinematic and dynamic equations of the AUVs given in eq. (1) and (2) are used to apply the proposed control eq. (26).
The simulations were performed by using MATLAB and SIMULINK. In this paper we have chosen a local communication radius of a distance 3 m. That means whenever two AUVs come within this range only local communication is possible and outside this range no connection exist. An edge exists between two nodes of the graph iff distance between them is less than 3 meter. Other factors are chosen as follows: A circular path of radius 20 m is specified to the leader. The proposed flocking controller is able to keep the group together with tracking the desired track. A separation of 1 m is used in consensus protocol which combined with sliding mode controller was successful in keeping the AUVs separate at desired distance. Fig. 6 . Rudder angle input for three AUVs Fig. 7 . Thruster input for three AUVs Initially the thruster forces and rudder inputs required as shown in Fig.6 and Fig. 7 are high but practically realizable and after the AUVs hit the sliding surface the control inputs required are pretty much small. In above simulation eq (7) and (26) are utilized to follow a circular track of radius 20m.
From the simulation result, it is verified that a constant rudder angle is generated from the proposed controller to follow a circular track and meanwhile the thruster input is of a constant magnitude so that the AUVs track the desired track in approximately constant speed. Fig.8, Fig.9 and Fig. 10 envisage that the proposed controller provide constant angular velocity (0.1), constant surge and sway velocities for tracking a circular path even with uncertainty in the model. 
Conclusions
We proposed a sliding mode approach to design a flocking control algorithms for achieving an effcient cooperative motion of three AUVs. We have demnostaed that by employing consensus algorithm in the feedback structure provides a simple but effective tool for maintaining a flock of AUVs with local communication facilities. The proposed new SMC based robust controller provides excellent leader follower flocking performance. This control schem is not only simple but also robust enough to handle a large amount of uncertainties present in the AUV dynamics. Consensus algorithm (single and double integrator) is exploited for generation of the reference command for the follower AUVs in an information constrained network (local communication and low bandwidth) whereas sliding mode control handles robustness and nonlinearity present in the AUV dynamics.
Future work will focus in designing a switching network and deal with communication loss in the flocking control.
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